We derive an exact deterministic nonlinear estimator to compute the continuous state of a nonlinear time-varying system based on discrete, non uniformly time spaced, state measurements. The system consists of a robot arm mounted on a mobile non holonomic vehicle. The paper also discusses the effect on the estimation error of a bounded input additive noise.
INTRODUCTION
The tip position and orientation of an industrial robot is obtained from joint variable measurement and direct kinematics relations. Accurate absolute position and orientation measurements depends on how accurately is known position and orientation of the base frame and the direct kinematics law. For manipulators interacting with objects also object position with reference to the base frame must be known with sufficient level of accuracy otherwise interaction will fails and objects can be damaged because of the above mentioned inaccuracies. In the last years a great number of solution to the safe interaction control problem as been proposed. Some of that made use of force sensing: Hybrid position/force control (Raibert and Craig, 1981) operational space force and position control (Khatib, 1987) and parallel force/position control (Chiaverini and Sciavicco, 1993 , Chiaverini, Siciliano and Villani, 1994 , Siciliano and Villani, 1999 . Some other makes use of vision (Scaramuzza and Siegwart, 2008, Hutchinson, Hager and Corke, 1996) .
In both cases the interaction control algorithms above mentioned benefits from an accurate relative pose estimation (by contact force sensing or by vision).
In a mobile manipulator system the problem of accurate relative pose estimation in very crucial because of the mobility of the base frame, whose absolute position can be estimated with an accuracy less than that required for the execution of the task.
Moreover, a direct kinematic formulation suitable for tip position measurement do not exits due to the nonholonomic characteristic of constraints.
As for industrial robot (with fixed base) mobile manipulator systems has a time varying linear dependencies of the tip velocities from joint velocities and base velocity (De Luca, Oriolo and Giordano, 2007) . But integration of the tip velocity brings to poor estimation of the position. Otherwise, tip relative position measurement by vision has a slow rate due to image acquisition and processing. A similar problem is that of computing the state of an inertial navigation system based of partial discrete measurements. In (Chiaverini, 1997 ) the above problem is solved with a non linear mixed continuous time and discrete time exponential observer which gives piece-wise continuous state estimation exponentially convergent to the continuous state in the ideal case (absence of noise). Obviously, in the real case, although the estimation error remain bounded, the estimation remain piece-wise continuous. In this paper is derived an exact deterministic nonlinear estimator to compute the continuous state of a mobilemanipulator system based on discrete, non uniformly time spaced, state measurements. In Section II the proposed observer is given with analysis of convergence in the ideal case. In Section III, the effect of disturbances has been considered. In Section IV the results of a simulation case study are given. Finally, Section V deals with conclusions.
BASIC ALGORITHM

Differential kinematics of mobile manipulators
Let us consider a mobile robot manipulator with generalized coordinate vector n R ∈ q subject to k nonholonomic constraints in Pfaffian form:
Let us suppose, without loss of generality, that: 
Induced by partition of the configuration vector (2), the input velocity vector can be partitioned as:
( )
where, for satisfying constraint (3), the column of matrix p N spans the null space of matrix
Finally, kinematics model of the mobile manipulator system is given by:
Let us assume now that a task vector x can be related to the configuration vector q as follows:
By differentiating relation (8) the following task-oriented model can be given:
The formulation (9) is a standard formulation for redundant manipulator and a lot of solution to the problem of the inverse kinematics and control are given in the literature (Chiaverini, 1997 , Chiacchio, et al., 1991 . Note that the problem of continuous estimates of the task vector x is not trivial because in a mobile manipulator system the direct kinematics relation (8) 
because Jacobian matrix J is known every instant of time through the measurement of the variables mentioned above.
As is well known, direct estimation of x trough integration of the relation (10) gives poor results in term of drift phenomena and closed loop instability due to uncertainties in J calculation and noise superimposed to the input vector u . On the other hand, if x represents position and orientation of the end-effector's frame of the manipulator, the values of x in some instant of time should be obtained through processing of images acquired at slow rate from a tipmounted camera.
Moreover x would directly represents the vector of image features and, its desired value, the desired image feature configuration in the acquired images from the camera.
The problem is now that of taking into account both continuous time information obtained from integration of (10) and correction, based on slower rate data.
Observer algorithm
Let us consider a sequence of time instant and corresponding sequence of values of vector x ( )
A piece-wise continuous interpolation of the samples of the sequence (11) can be given by
based on model (10). Note that, in the ideal case in which model (10) is perfectly known and no disturbances are superimposed to the input, the interpolation law (12) became continuous and coincides with the true task vector x . Otherwise a smooth estimation can be obtained from the model
in which 1 K is a s s × constant matrix to be chosen. In the ideal case, by defining the estimation error
it is simple to prove its asymptotic convergence to zero because from (13) and (10) the following error dynamics can be obtained 
EFFECT OF DISTURANCES
Let us consider now the model ( )
in which a bounded input disturbance additive to the input as been considered. From model (19) and estimator (12) and (13) the following estimation error model can be obtained:
See Appendix for details. Let us consider now the Lyapunov function ( )
The time derivative of (21) along trajectory obtained from error model (20) 
The second member of expression (22) 
It is simple to conclude that estimation error asymptotically converges inside a ball whose radius is given by the second member of the expression (24).
CASE STUDY
Some simulations results are given in this section in order to illustrate the proposed approach. The system considered in the simulation consists of a Puma 560 manipulator mounted on a mobile platform with differential traction.
The relation between velocities is 
in which r is the wheel radius of the platform and 2d the distance between the wheels.
Simulations are curried out using Matlab, Simulink and the Robotics Toolbox (Corke, 1999) .
Three simulations are carried out in order to test the performances of the estimator. For all the simulations, inputs to the system are:
[ ]
The first and second simulations are based on model (9) and estimator's equations (12), (13), without disturbances. The first simulation shows the results in the ideal case in which the parameters of the kinematic model are known. In the second simulation a 10% variation on the kinematic parameters of the base and the arm. The results are showed in Figure 1 and 2, respectively. In particular, Figure 1b shows the convergence of the position estimation errors to 0 as theoretically proved in the ideal case of known kinematical parameters and without noise, despite the non-uniform sampled information. Figure 1c shows, for the first component of the tip position, the estimation error signal vs. the difference between the true signal and the acquired, sampled and holded one (S&H). Figures 2b and 2c have the same meaning of the Figures 1b and 1c , respectively. Figure  2b shows that the estimation error remain bounded despite the high error (10%) considered in the kinematical parameters. The third simulations is based on the model (19) in which disturbance on velocity commands are gaussian with a 0 mean and variance 2 .2 σ = . The results are showed in Figure   3 . In particular, Figure 3b confirm the theoretical results that the estimation error remain bounded into a ball of known radius in presence of bounded disturbances, even if, in the present simulation, high kinematics parameters errors (10%) are also considered.
CONCLUSIONS
In this paper we derive an exact deterministic nonlinear estimator to compute the continuous state of a mobile manipulator system having discrete measurements not equally spaced. The estimator was proved to be exponentially convergent in the ideal case. In case of bounded input disturbances the estimation errors converges inside a ball whose radius depends from the bounds itself. 
